We study the geometry of elliptic fibrations satisfying the conditions of Step 8 of Tate's algorithm. We call such geometries F 4 -models, as the dual graph of their special fiber is the twisted affine Dynkin diagram F t 4 . These geometries are used in string theory to model gauge theories with the exceptional Lie group F 4 on a smooth divisor S of the base. Starting with a singular Weierstrass model of an F 4 -model, we present a crepant resolution of its singularities. We study the fiber structure of this smooth elliptic fibration and identify the fibral divisors up to isomorphism as schemes over S. These are P 1 -bundles over S or double covers of P 1 -bundles over S. We compute basic topological invariants such as the double and triple intersection numbers of the fibral divisors and the Euler characteristic of the F 4 -model. In the case of Calabi-Yau threefolds, we compute the linear form induced by the second Chern class and the Hodge numbers. We also explore the meaning of these geometries for the physics of gauge theories in five and six-dimensional minimal supergravity theories with eight supercharges. We also introduce the notion of "frozen representations" and explore the role of the Stein factorization in the study of fibral divisors of elliptic fibrations.
Introduction
An elliptic fibration is a proper projective morphism ϕ : Y −→ B between normal varieties such that the generic fiber is a nonsingular projective curve of genus one and the fibration is endowed with a rational section. Under mild assumptions, an elliptic fibration is birational to a potentially singular Weierstrass model [23, 65] . The locus of points of B over which the elliptic fiber is singular is called the discriminant locus. The discriminant locus of a Weierstrass model is a Cartier divisor that we denote by ∆. The type of the fiber over the generic point of an irreducible component of the discriminant locus of an elliptic fibration is well understood following the work of Kodaira [53] , Néron [66] , and Tate [70] . Fibers over higher dimensional loci are not classified and are the subject of much interdisciplinary research by both mathematicians and physicists [3, 10, 21, 27, 28, 35-38, 40-42, 54-56, 58, 60, 61, 68, 71] . Crepant resolutions of a Weierstrass model are relative minimal models in the sense of Mori's program [59] . Different crepant resolutions of the same Weierstrass model are connected to each other by a sequence of flops.
G-models and F-theory
A classical problem in the study of elliptic fibrations is understanding the geometry of the crepant resolutions of Weierstrass models and their flop transitions. A natural set of singular Weierstrass models to start with are the G-models. The constructions of G-models are deeply connected to the classification of singular fibers of Weierstrass models and provide an interesting scene to explore higher dimensional elliptic fibrations with a view inspired by their applications to physics. We follow the definitions and notation of Appendix C of [32] . The framework of G-models naturally includes a geometric formulation of basic notions of representation theory such as the theory of root systems and weights of representations. The data characterizing a G-model can be understood in the framework of gauge theories, which provides a natural language to talk about the geometry of these elliptic fibrations. F-theory enables a description of gauge theories in string theory and M-theory via geometric engineering based on elliptic fibrations [12, 63, 64, 72] . The data of a gauge theory that can be extracted from an elliptic fibration are its Lie algebra, its Lie group, and the set of irreducible representations defining how charged particles transform under the action of the gauge group.
In F-theory, the Lie algebra is determined by the dual graphs of the fibers over the generic points of the irreducible components of the discriminant locus of the elliptic fibration. The Mordell-Weil group of the elliptic fibration is conjectured to be isomorphic to the first homotopy group of the gauge group [22] . Hence, the Lie group depends on both the singular fibers and the Mordell-Weil group of the elliptic fibration. In F-theory, the singular fibers responsible for non-simply laced Lie algebras are not affine Dynkin diagrams, but twisted affine Dynkin diagrams, as presented in Table  1 and Figure 1 .1, respectively, on pages 4 and 32. These twisted affine Dynkin diagrams are the Dynkin duals of the corresponding affine Dynkin diagrams. The Dynkin dual of a Dynkin diagram is obtained by inverting all the arrows. In the language of Cartan matrices, two Dynkin diagrams are dual to each other if their Cartan matrices are transposes of each other. The Langlands duality interchanges B n and C n , but preserves all the other simple Lie algebras. For affine Dynkin diagrams, only the ADE series are preserved under the Langlands duality. In particular, the Langlands duals of B n , C n , G 2 and F 4 are respectively denoted in the notation of Carter as B 
F 4 -models: definition and first properties
One of the major achievements of F-theory is the geometric engineering of exceptional Lie groups. These elliptic fibrations play an essential role in the study of superconformal field theories even in absence of a Lagrangian description. The study of non-simply laced Lie algebras in F-theory started in May of 1996 during the second string revolution with a paper of Aspinwall and Gross [5] , followed shortly afterwards by the classic F-theory paper of Bershadsky, Intriligator, Kachru, Morrison, Sadov, and Vafa [12] . M-theory compactifications giving rise to non-simply laced gauge groups are studied in [25, 50] .
In this paper, we study the geometry of F 4 -models, namely, G-models with G = F 4 , the exceptional simple Lie group of rank 4 and dimension 52. F 4 is a simply connected and non-simply laced Lie group.
An F 4 -model is mathematically constructed as follows. Let B be a smooth projective variety of dimension two or higher. Let S be an effective Cartier divisor in B defined as the zero scheme of a section s of a line bundle S . Since S is smooth, the residue field of its generic point is a discrete valuation ring. We denote the valuation with respect to S as v S . An F 4 -model is defined by the crepant resolution of the following Weierstrass model y 2 z = x 3 + s 3+α a 4,3+α xz 2 + s 4 a 6,4 z 3 , α ∈ Z ≥0 , (
where v S (a 6,4 ) = 0, and either v S (a 4,3+α ) = 0 or a 4,3+α = 0. We assume that a 6,4 is generic; in particular, a 6,4 is not a perfect square modulo s. This ensures that the generic fiber is of type IV * ns rather than IV * s .
The defining equation (1.1) is of type (c6) in Néron's classification of minimal Weierstrass models, defined over a perfect residue field of characteristic different from 2 and 3 [66] . This corresponds to Step 8 of Tate's algorithm [70] . Hence, the geometric fiber over the generic point of S is of Kodaira type IV * . As discussed earlier, the generic fiber over S has a dual graph that is the twisted Dynkin diagram F t 4 , which is the Langlands dual of the affine Dynkin diagram F 4 .The structure of the generic fiber of the F 4 -model is due to the arithmetic restriction that a 6,4 is not a perfect square modulo s.
The innocent arithmetic condition which characterizes a F 4 -model has surprisingly deep topological implications for the elliptic fibration. When a 6,4 is a perfect square modulo s, the elliptic fibration is called an E 6 -model; the generic fiber IV * ns is replaced by the fiber IV * s whose dual graph is the affine Dynkin diagram E 6 . Both E 6 -models and F 4 -models share the same geometric fiber over the generic point of S; however, the generic fiber type is different. Both are characterized by
Step 8 of Tate's algorithm, but while the generic fiber of an E 6 -model is already made of geometrically irreducible components, the generic fiber of an F 4 -model requires a quadratic field extension to make all its components geometrically irreducible. The Weierstrass model of an E 6 -model has more complicated singularities, and thus requires a more involved crepant resolution. In a sense, the F 4 -model is a more rigid version of the E 6 -model as some fibral divisors are glued together by the arithmetic condition on a 6, 4 . It follows from the Shioda-Tate-Wazir theorem [73] that the Picard number of an E 6 -model is bigger than the one for an F 4 -model. Furthermore, their Poincaré-Euler characteristics are also different, as was recently analyzed in [32] . A crepant resolution of the Weierstrass model of an E 6 -model has fourteen distinct minimal models [55] , while that of an F 4 -model has only one [27, Theorem 1.27 ]. An F 4 -model is a flat elliptic fibration, while this is not the case for an E 6 -model of dimension four or higher, as certain fibers over codimension-three points contain rational surfaces [54] . F 4 -models are also studied from different points of view in [12, 14, 15, 34] .
The discriminant locus of the elliptic fibration (1.1) is
The discriminant is composed of two irreducible components not intersecting transversally. The first one is the divisor S, and the fiber above its generic point is of type IV * ns . The second component is a singular divisor, and the fiber over its generic point is a nodal curve, i.e. a Kodaira fiber of type I 1 . The fiber I 1 degenerates to a cuspidal curve over a 4,3+α = a 6,4 = 0. The two components of the discriminant locus collide at s = a 6,4 = 0, where we expect the singular fiber IV * ns to degenerate, further producing a non-Kodaira fiber. . Their Cartan matrices are transposes of each other. Since the matrices are not symmetric, taking the transpose means inverting the arrow of the Dynkin diagram and changing the multiplicities of the nodes. These matrices have rank four and therefore a kernel of dimension one. The normalization of the zero direction in terms of relatively prime integers gives the multiplicities of the nodes of the Dynkin diagram. In the notation of Kac, F t 4 is denoted as E (2) 6 and F 4 is denoted as F 4 , or sometimes E (1) 6 . The dual graph that appears in the theory of elliptic fibration is F t 4 and never F 4 .
Representations associated to an F 4 -model and flops.
To determine the irreducible representations associated with a given G-model, we adopt the approach of Aspinwall and Gross [5] , which is deeply rooted in geometry. The representation associated to a G-model is characterized by its weights, which are geometrically given by the intersection numbers, with a negative sign, of the fibral divisors with curves appearing over codimension-two loci over which the generic fiber IV * ns degenerates. This approach, also used in [6, 50, 58] and closely related to the approach of [61] , transcends its application to physics and allows an intrinsic determination of a representation for any G-model. The representation induced by the weights of vertical curves over codimension-two points is not always physical as it is possible that no hypermultiplet is charged under that representation. In such a case, the representation is said to be "frozen" as discussed in §6.4.
For F 4 -models, we find that over V (s, a 6,4 ), the fiber IV * ns degenerates to a non-Kodaira fiber of type 1 − 2 − 3 − 4 − 2. This fiber consists of a chain of rational curves intersecting transversally; each number gives the multiplicity of the corresponding rational curve. We refer to this non-Kodaira fiber by the symbol IV * (2) . The last two nodes, of multiplicities 4 and 2, have weights in the representation 26 of F 4 , namely 0 1 − 2 1 and 0 0 1 − 2 as illustrated in Figure 4 .2 on page 18. The representation 26 is a quasi-minuscule fundamental representation comprised of two zero weights and 24 non-zero weights that form a unique Weyl orbit. The possibility of flops between different crepant resolutions of the same singular Weierstrass model can be explained by the relative minimal model program [59] .
For each non-simply laced Lie algebra g 0 , there is a specific quasi-minuscule representation R 0 defined by the branching rule g = g 0 ⊕ R 0 , where g 0 is defined by a folding of g of degree d. The degree d is the ratio of the squared lengths of long roots and short roots of R 0 . In other words, except for G 2 , for which d = 3, all other non-simply laced Lie algebras have d = 2. This branching rule is related to the arithmetic degeneration K ns → K s , where K is a Kodaira fiber. For F 4 , we have E 6 = F 4 ⊕ 26, and the representation R 0 coincides with the representation we find by computing weights of the curves over V (s, a 6,4 ).
Counting hypermultiplets: Witten's genus formula
M-theory compactified on an elliptically fibered Calabi-Yau threefold Y gives rise to a five-dimensional supergravity theory with eight supercharges coupled to h 2,1 (Y ) + 1 neutral hypermultiplets and h 1,1 (Y ) − 1 vector multiplets [17] . Taking into account the graviphoton, there are a total of h 1,1 (Y ) gauge fields. The kinetic terms, the Chern-Simons coefficients of the vector multiplets, and the graviphoton are all completely determined by the intersection ring of the Calabi-Yau variety.
Witten determined the number of states appearing when a curve collapses to a point using a quantization argument [74] . In particular, he showed that the number of hypermultiplets transforming in the adjoint representation is the genus of the curve S over which the gauge group is localized. Aspinwall, Katz, and Morrison subsequently applied Witten's quantization argument to the case of non-simply laced groups in [6] . If S ′ is a d cover of S with ramification divisor R, then number n R 0 of hypermultiplets transforming in the representation R 0 is given by [6] 
where g ′ is the genus of S ′ and g is the genus of S. This method is consistent with the six-dimensional anomaly cancellation conditions [44] . Computing g ′ − g is a classical exercise whose answer is given by the following theorem. the genus of S ′ , g is the genus of S, and R is the ramification divisor, then
Physically, this is the number of charged hypermultiplets in the representation R 0 , as expected from Witten's quantization argument 1 :
For an F 4 -model, R 0 = 26, the ramification locus R is V (s, a 6,4 ), and its degree is
Hence, by Witten's argument, we expect for a generic F 4 -model the following multiplicities:
We later derive in Theorem 6.2 the number of matter representations from a direct comparison of the triple intersection numbers and the one-loop Intrilligator-Morrison-Seiberg prepotential of a five-dimensional gauge theory [50] . This matches exactly the number n 26 derived by Witten's genus formula. This provides a confirmation of the number of charged hypermultiplets from a purely fivedimensional point of view, thereby avoiding a six-dimensional argument based on cancellations of anomalies [44] and the subtleties of the Kaluza-Klein circle compactification [13, 46] .
Arithmetic versus geometric degenerations
Given an elliptic fibration ϕ : Y → B, if S is an irreducible component of the discriminant locus, the generic fiber over S can degenerate further over subvarieties of S. We distinguish between two types of degenerations [29] . A degeneration is said to be arithmetic if it modifies the type of the fiber without changing the type of the geometric fiber. A degeneration is said to be geometric if it modifies the geometric type of the fiber. Arithmetic degenerations and geometric degenerations are respectively responsible for non-localized and localized matter in physics. For example, in the case of an F 4 -model over a base of dimension three or higher, we have the degeneration IV * ns → IV * s over the intersection of S with any double cover of a 6,4 as it is clear from the explicit resolution of singularities. Such a double cover has equation ζ 2 = a 6,4 where ζ is a section of L ⊗3 ⊗ S ⊗2 . We can have such an arithmetic degeneration over any point of S away from V (s, a 6,4 ).
In the case of an F 4 -model, we get a fiber of type 1 − 2 − 3 − 4 − 2, which is of the type IV * (2) discussed in Example 1.3. The geometry of the fiber shows explicitly that localized matter fields at V (s, a 6,4 ) are in the representation 26 and do not come from an enhancement F 4 → E 6 . That is because over the locus V (s, a 6,4 ), the generic fiber is the non-Kodaira fiber 1 − 2 − 3 − 4 − 2. Such a fiber can only be seen as the result of an enhancement of type IV * ns (F 4 ) to either an incomplete III * (E 7 ) or an incomplete II * (E 8 ), depending on the valuation of the Weierstrass coefficient a 4 . We have either the enhancement
Frozen representations
As we have explained before, we identify representations by their weights, and we compute the weights geometrically by the intersection of fibral divisors with vertical curves located over codimensiontwo points on the base. It is important to keep in mind that the presence of a given weight is a necessary condition but not a sufficient condition for the existence of hypermultiplets transforming under the corresponding representation. We always have to keep in mind that the geometric representations deduced by the weights of vertical curves over codimension-two points are not necessarily carried by physical states. A representation R deduced geometrically on an elliptic fibration is said to be frozen when the elliptic fibration has vertical curves (over a codimension-two locus of the base) carrying the weights of the representation R, but no hypermultiplet is charged under the representation R.
It is known that the adjoint representation is frozen when the gauge group is on a curve of genus zero [74] . However, it is less appreciated that other representations can also be frozen. A natural candidate is the representation R 0 discussed in §1.4 for the case of a non-simply laced gauge group. We will discuss the existence of a frozen representation for an F 4 -model in §6.4. In particular, Theorem 6.5 asserts that the representation 26 is frozen if and only if the curve S has genus zero and self-intersection −5.
It is a folklore theorem of D-brane model building that the number of representations appearing at the transverse collision of two branes is the number of collision points. In other words, one would expect one hypermultiplet for each intersection points 3 . While this is true for localized matter fields, it is not usually true when the same representation appears both as localized and non-localized. As a rule of thumb, when localized and non-localized matter fields transforming in the same representation coexist, the number of representations is given by assuming that all the matter is non-localized [62] .
The notion of frozen representation discussed in this paper should not be confused with the frozen singularities of ref. [7, 22, 69] . 2 The fiber 1 − 2 − 3 − 4 − 2 also appears in Miranda's models at the transverse collision II+IV * where it is presented as a contraction of a fiber of type II * (E8), see Table 14 .1 on page 130 of [60] . 3 There are some subtleties: when over a collision point the same weight is induced by n distinct vertical curves, we can have up n hypermultiplets localized at that point. See for example [4, 44, 51 ].
Summary of results
The purpose of this paper is to study the geometry of F 4 -models. We define an F 4 -model as an elliptic fibration over a smooth variety of dimension two or higher such that the singular fiber over the generic point of a chosen irreducible Cartier divisor S is of type IV * ns , and the fibers are irreducible (smooth elliptic curves, type II or type I 1 ) away from S. Such an F 4 -model is realized by a crepant resolution of a Weierstrass model, whose coefficients have valuations with respect to S, matching the generic case of Step 8 of Tate's algorithm. An F 4 -model can is always birational to a singular short Weierstrass equation whose singularities are due to the valuations v S (c 4 ) ≥ 3 and v S (c 6 ) = 4 of its coefficients. Such a singular Weierstrass equation can be traced back to Néron's seminal paper [66] where it corresponds to type c6. The road map to the rest of the paper is the following.
In section 2, we summarize our most common conventions and basic definitions. We also discuss
Step 8 of Tate's algorithm, which characterizes the Weierstrass model of F 4 -models.
In section 3 (see Theorem 3.2 on page 11), we present a crepant resolution of the singular Weierstrass model, giving a flat fibration. The resolution is given by a sequence of four blowups with centers that are regular monomial ideals.
In section 4, we analyze in details the degeneration of the singular fiber and determine the geometry of the fibral divisors (see Theorem 4.1 on page 15 and Figure 4 .1 on page 15). The generic fiber over S degenerates along V (a 6,4 ) ∩ S to produce a non-Kodaira fiber of type 1 − 2 − 3 − 4 − 2. This non-Kodaira fiber appears as an incomplete Kodaira fiber of type III * or II * resulting from the (non-transverse) collision of the divisor S with the remaining factor of the discriminant locus. Such a collision is not of Miranda-type since it involves two fibers of different j-invariants [60] .
We show that the fibral divisors D 3 and D 4 corresponding to the root α 3 and α 4 of the F 4 Dynkin diagram are not P 1 -bundles over the divisor S, but rather double covers of P 1 -bundles over S, with ramification locus V (a 6,4 ). The geometry of these fibral divisors is illustrated in Figure 4 .1. The difference is important since it affects the computation of triple intersection numbers and the degeneration of the fibers in codimension two, which is responsible for the appearance of weights of the representation 26. We use the Stein factorization to have more control on the geometry of D 3 and D 4 . Consider the morphism f : D 3 → S. The geometric generic fiber is not connected and consists of two rational curves. Since the morphism is proper, we consider its Stein factorization
By definition, the morphism π : S ′ → S is a finite map of degree two; each geometric point of the fiber represents a connected component of the fiber of D 3 → S. The morphism f ′ : D 3 → S ′ has connected fibers that are all smooth rational curves. Hence, f ′ : D 3 → S ′ gives D 3 the structure of a P 1 -bundle over S ′ rather than over S.
We determine in §4.3 the geometric weights that identify the representation naturally associated to the degeneration of the generic fiber over the codimension-two loci. The last two nodes of the fiber 1 − 2 − 3 − 4 − 2 are responsible for generating the representation 26.
In section 5, we compute the following topological invariants: the Euler characteristic of the elliptic fibration, the Hodge numbers in the Calabi-Yau threefold case, the double and triple intersection numbers of the fibral divisors (Theorem 4.2 on page 16), and the linear form induced in the Chow ring by the second Chern class in the case of a Calabi threefold.
In section 6, we leverage our understanding of the geometry to make a few statements on the physics of F 4 gauge theories in different dimensions. We specialize to the case of a Calabi-Yau threefold and consider an M-theory compactified on an F 4 -model that is also a Calabi-Yau threefold. We compute the number of hypermultiplets in the adjoint and fundamental representations using the triple intersection numbers. We then match them to the coefficients of the five-dimensional cubic prepotential computed at the one-loop level in [50] . We check that the resulting spectrum is consistent with an anomaly-free parent six-dimensional gauge theory. Finally, in §6. 4 we discuss in detail the existence of frozen representations for an F 4 -model.
Basic conventions and definitions
We work over the complex numbers and assume that B is a nonsingular variety, L is a line bundle over B, and S = V (s) is a smooth irreducible subvariety of B given by the zero scheme of a section s of a line bundle S . We use the conventions of Carter and denote an affine Dynkin diagram byg, where g is the Dynkin diagram of a simple Lie algebra [18] . We writeg t for the twisted Dynkin diagram whose Cartan matrix is the transpose of the Cartan matrix ofg. This notation is only relevant when g is not simply laced, that is, for g = G 2 , F 4 , B 3+k , or C 2+k . Given a vector bundle V , we denote by P[V ] the projective bundle of lines of V . In intersection theory, we follow the conventions of Fulton [43] . We denote the geometric fibers of an elliptic surface by Kodaira symbols. To denote a generic fiber, we decorate the Kodaira fiber by an index "ns" , "ss" , or "s" that characterizes the degree of the field extension necessary to move from the generic fiber to the geometric generic fiber.
Geometric weights
Let ϕ : Y → B be a smooth flat elliptic fibration whose discriminant has a unique component S over which the generic fiber is reducible with dual graph the affine Dynkin diagramg t . We denote the irreducible components of the generic fiber over S as C a . If g is not simply laced, the curves C a are not all geometrically irreducible. Let D a be the fibral divisors over S. By definition, ϕ * (S) = a m a D a . The curve C a can also be thought of as the generic fiber of D a over S. Let C be a vertical curve of the elliptic fibration.
We define the weight of a vertical C with respect to a fibral divisor D a as the intersection number
Using intersection of curves with fibral divisors to determine a representation from an elliptic fibration is a particularly robust algorithm since the intersections of divisors and curves are well-defined even in the presence of singularities [43] . We can ignore the intersection number of the divisor touching the section of the elliptic fibration as it is fixed in terms of the others, thus allowing us to write
We interpret ̟(C) as the weight of the vertical curve C in the basis of fundamental weights. This interpretation implies that the fibral divisors play the role of co-roots of g, while vertical curves are identified with elements of the weight lattice of g.
The notion of a saturated set of weights is introduced in Bourbaki (Groups and Lie Algebras, Chap.VIII. §7. Sect. 2.) and provides the algorithm to determine a representation from a subset of its weights. See [29] for more details.
It follows from the general theory of elliptic fibration that the intersection of the generic fibers with the fibral divisors gives the invariant form of the affine Lie algebrag t , where g is the Lie algebra of G. The matrix ̟ a (C b ) is the invariant form of the Lie algebrag in the normalization where short roots have diagonal entries 2.
Step 8 of Tate's algorithm
We follow the notation of Fulton [43] . The terminology is borrowed from [32] . Let Y 0 −→ B be a Weierstrass model over a smooth base B, in which we choose a smooth Cartier divisor S ⊂ B. The local ring O B,η in B of the generic point η of S is a discrete valuation ring with valuation v S given by the multiplicity along S. Using Tate's algorithm, the valuation of the coefficients of the Weierstrass model with respect to v S determines the type of the singular fiber over the generic point of S. Kodaira fibers refer to the type of the geometric fiber over the generic point of irreducible components of the discriminant locus of the Weierstrass model.
An F 4 -model describes the generic case of Step 8 of Tate's algorithm, which characterizes the Kodaira fiber of type IV * ns in F-theory notation or IV * 2 in the notation of Liu. By definition, Kodaira fibers classify geometric fibers over the generic point of a component of the discriminant locus of an elliptic fibration. When the elliptic fibration is given by a Weierstrass model, this can be expressed in the language of a discrete valuation ring. Let S be the relevant component. We assume that S is smooth with generic point η. The local ring at η defines a discrete valuation ring with valuation v that is essentially the multiplicity along S. We then have the following characterization:
v(a 6 ) ≥ 4 and the quadric polynomial Q(T ) = T 2 + a 3,2 T − a 6,4 has two distinct solutions, then the geometric special fiber is of Kodaira type IV * . If the roots of Q(T ) are rational in the residue field, the generic fiber is of type IV * s , otherwise (if the solutions are not rational in the residue field) the generic fiber is of type IV * ns . Remark 2.2. The discriminant of the quadric Q(T ) = T 2 + a 3,2 T − a 6,4 , is exactly b 6,4 . It follows that the fiber is of type IV * if and only if v(b 6,4 ) = 0. Moreover, the fiber is of either type IV * s or IV * ns , depending respectively on whether or not b 6,4 is a perfect square.
In view of the multiplicities, we can safely complete the square in y and the cube in x and write the Tate equation of a IV * ns model as
where a 6,4 is not a perfect square modulo s.
The simplest way to identify a fiber of type IV * ns is to use the short Weierstrass equation since it does not require performing any translation. The condition on c 4 and c 6 can be traced back to Néron and forces the discriminant to have valuation 8. Néron also points out that a fiber of type IV * is uniquely identified by the valuation of its j-invariant and its discriminant locus:
This implies in particular that a fiber of type IV * has a vanishing j-invariant. Let X be a nonsingular variety. Let Z ⊂ X be a complete intersection defined by the transverse intersection of r hypersurfaces Z i = V (g i ), where g i is a section of the line bundle I i and (g 1 , · · · , g r ) is a regular sequence. We denote the blowup of a nonsingular variety X along the complete intersection Z by X X.
Crepant resolution
The blowup of X with center Z is the morphism f :
The exceptional divisor is f -relatively ample. If Z is a complete intersection, then I /I 2 is locally free. Hence,
) is the first Chern class of the exceptional divisor Z = V (e 1 ), and
We abuse notation and use the same symbols for x, y, s, e i and their successive proper transforms. We also do not write the obvious pullbacks.
Lemma 3.1. Let Z ⊂ X be a smooth complete intersection of n + 1 hypersurfaces meeting transversally. Let Y be a hypersurface in X singular along Z. If Y has multiplicity n along Z, then the blowup of X along Z restricts to a crepant morphism Y −→ Y for the proper transform of Y .
Proof. Let X = Bl Z X be the blowup of X along Z and E be the class of the exceptional divisor. 
where f , g, and s are respectively assumed to be generic sections of
] be the ambient space in which E 0 is defined. The following sequence of blowups provides a crepant resolution of the singular Weierstrass model E 0 :
(y, e 1 |e 2 ) (x, e 2 |e 3 ) (e 2 , e 3 |e 4 ) (3.1)
We describe this sequence of blowups starting with the projective bundle X 0 , which serves as the ambient space of the Weierstrass equation. The first blowup X 1 −→ X 0 is centered at the regular monomial ideal (x, y, s), where s is a section of S = O B (S). The exceptional divisor E 1 of the first blowup is a P 2 bundle. The second blowup X 2 −→ X 1 , parametrized by [x : s], is centered along the fiber of E 1 defined by the proper transform of V (y) and its exceptional divisor is E 2 . The third blowup X 3 −→ X 2 is centered in E 2 along the fiber over V (x) and has exceptional divisor E 3 . The last blowup X 4 −→ X 3 is centered in E 3 along the fiber given by V (e 2 ) and has exceptional divisor E 4 .
Proof. We recall that blowup up of a divisor is an isomorphism away from the singular locus. The Weierstrass model has a singular scheme supported on the ideal (x, y, s).
1. First blowup. Since the generic point of this ideal is a double point singularity of the Weierstrass model and the ideal has length 3, blowing up (x, y, s) is a crepant morphism.
2. Second blowup. We are in X 1 and the singular locus is supported on (y, x, e 1 ). At this point, we could choose to blowup again (x, y, e 1 ) since it is a locus of double points and the ideal has length 3. However, we could also blowup (y, e 1 ), which is a non-Cartier Weil divisor. This is clearly crepant since (y, e 1 ) has length 2 and multiplicity one. Blowing up this divisor is not an isomorphism since it contains (x, y, e 1 ), the support of the singular locus.
3. Third blowup. We blowup the ideal (x, e 2 ), which corresponds to a non-Cartier Weil divisor of multiplicity one.
4. Fourth blowup. We finally blowup (e 2 , e 3 ), which is also a non-Cartier Weil divisor of multiplicity one. This is crepant because the ideal has length 2 and the defining equation has multiplicity one along (e 2 , e 3 ).
After the fourth blowup, we check using the Jacobian criterion that there are no singularities left. We can also simplify computations by noticing that the defining equation is a double cover and therefore, the singularities should be on the branch locus. Moreover, certain variables cannot vanish at the same time due to the centers of the blowups. In particular, each of (x, y, s), (y, e 1 ), (s, e 3 ), (s, e 4 ), (x, e 2 ), (x, e 4 ), and (e 2 , e 3 ) corresponds to the empty set in X 4 .
The divisor classes of the different variables in X i are given in the following table:
The proper transform of the Weierstrass model is a smooth elliptic fibration ϕ : Y −→ B Y : e 2 y 2 z = e 1 (e 
where ℓ 1 , ℓ 2 , ℓ 3 , and ℓ 4 are used to denote the scalings of each blowup.
Fiber structure
In this section, we explore the geometry of the crepant resolution Y → E 0 obtained in the previous section. Composing with the projection of E 0 to the base B, we have a surjective morphism ϕ : Y → B, which is an elliptic fibration over B. We denote by η a generic point of S. We study in details the generic fiber Y η of the elliptic fibration and its specialization. Its dual graph is the twisted Dynkin diagram F t 4 , namely, the dual of the affine Dynkin diagramF 4 . We call C a the irreducible components of the generic fiber, and D a the irreducible fibral divisors. We can think of C a as the generic fiber of D a over S. Given a section u of a line bundle, we denote by V (u) the vanishing scheme of u. As a set of point, V (u) is defined by the equation u = 0. If I is an ideal sheaf, we also denote by V (I) its zero scheme.
Structure of the generic fiber
After the blowup, the generic fiber over S is composed of five curves since the total transform of s is se 1 e 2 e 3 e 2 4 . The irreducible components of the generic curve Y η are the following five curves:
The curve C a is the generic fiber of the fibral divisor D a (a = 0, 1, 2, 3, 4). The fibral divisors can also be defined as the irreducible components of ϕ * S:
Furthermore, we have the following relations:
Denoting by E i the exceptional divisor of the ith blowup and by S the class of S, we identify the classes of the five fibral divisors to be
The curve C 0 is the normalization of a cuspidal curve. The curves C 1 and C 2 are smooth rational curves. The curves C 3 and C 4 are not geometrically irreducible. After a field extension that includes the square root of a 6,4 , they split into two smooth rational curves. Hence, D 0 , D 1 , and D 2 are In the next subsection, we determine what these P 1 -bundles are up to an isomorphism.
Fibral divisors
In this section, we study the geometry of the fibral divisors. We recall that for a P 1 -bundle, all fibers are smooth projective curves with no multiplicities. A conic bundle has a discriminant locus, over which the fiber is reducible when it is composed of two rational curves meeting transversally or is a double line. 
discriminant locus of these double covers, the fiber is composed of a double rational curve.
We can also simply describe D 3 and D 4 as flat double coverings of P 1 -bundles over S or as geometrically reducible conic bundles over S. 
where L is the fundamental line bundle of the Weierstrass model and S is the zero scheme of a regular section of the line bundle S = O B (S).
Proof. The strategy for this proof is as follows. We use the knowledge of the explicit sequence of blowups to parametrize each curve. Since each blowup has a center that is a complete intersection with normal crossing, each successive blowup gives a projective bundles. The successive blowups give a tower of projective bundles over projective bundles. We keep track of the projective coordinates of each projective bundle relative to its base. An important part of the proof is to properly normalize the relative projective coordinates when working in a given patch, as they are twisted with respect to previous blowups. We show that D 0 , D 1 , and D 2 are P 1 -bundles over S while D 3 and D 4 are conic bundles defined by a double cover of a P 1 -bundle over S.
The fiber C 0 can be studied after the first blowup since the remaining blowups are away from C 0 . We can work in the patch x = 0. We use the defining equation of C 0 to solve for e 1 since x is a unit. We then observe that C 0 has the parametrization
This is the usual normalization of a cuspidal cubic curve. It follows that C 0 is a rational curve parametrized by t. Since t = y/x is a section of L , it follows that the fibral divisor D 0 is isomorphic to the
D 1 is the Cartier divisor V (e 1 ) in Y , which corresponds to the complete intersection V (e 1 , e 2 ) in X 4 . The generic fiber of D 1 over S is the rational curve C 1 , which is parametrized as
We can use ℓ 4 , ℓ 3 , and ℓ 2 to fix the scalings. But C 1 is parametrized by [x : s] and D 1 is isomorphic to the
C 2 is defined as the generic fiber with e 2 = e 4 = 0. This gives
Fixing the scaling as ℓ 1 = s −1 , ℓ 3 = sx −1 , we see that C 2 is a rational curve parametrized by [y :
The double cover is The double cover is again (ii) The fiber over the generic point of S has dual graph F t 4 and the geometric generic fiber is of Kodaira type IV * .
(iii) The fiber degenerates over V (s, a 6,4 ) as
where C 3 and C 4 are generic curves defined over S, and C ′ 3 and C ′ 4 are generic curves over V (s, a 6,4 ). The generic fiber over V (s, a 6,4 ) is a non-Kodaira fiber composed of five geometrically irreducible rational curves. The reduced curves meet transversally with multiplicities
Proof. The special fiber is the fiber over the generic point of S. Note that C 2 and C 3 intersect at a divisor of degree two, composed of two points that are non-split. Hence, the dual graph of this fiber is the twisted affine Dynkin diagram of type F t 4 . All the curves are geometrically irreducible with the exception of C 3 and C 4 , which are the double covers of a geometrically irreducible rational curve and the branching locus is a 6,4 = 0. Each of these two curves splits into two geometrically irreducible curves in a field extension that includes a square root of a 6,4 . They degenerate into a double rational curve over a 6,4 = 0. Over the branching locus, the singular fiber is a chain 1 − 2 − 3 − 4 − 2. The geometric generic fiber has a dual graph that is a E 6 affine Dynkin diagram. The fibers C a are fibers of fibral divisors D a . The matrix of intersection numbers deg(D a · C a ) is the opposite of the invariant form of the twisted affine Dynkin diagram of typeF t 4 , normalized in such a way that the short roots have length square 2:
This matrix has a kernel generated by the vector (1, 2, 3, 2, 1). The entries of this vector give the multiplicities of the curve C a , or equivalently, of the fibral divisors D a .
Example 4.3. If B is the total space of the line bundle O P 1 (−n) with n ∈ Z ≥0 , the Picard group of B is generated by one element, which we call O(1). In particular, the compact curve P 1 is a section of O(−n). A local Calabi-Yau threefold can be defined by a Weierstrass model with L = O(2 − n). In this subsection, we compute the weights of the vertical curves appearing over codimensiontwo points. There is only one case to consider. The generic fiber over V (a 6,4 ) ∩ S is a fiber of type 1 − 2 − 3 − 4 − 2 resulting from the following specialization: Ignoring the weight of D 0 , we get the following two weights of F 4 :
These two weights are quasi-minuscule and are in the same Weyl orbit, which consists of the non-zero weights of the representation 26 of F 4 . See Theorem 4.4 for the proof. This is a fundamental representation corresponding to the fundamental weight α 4 . This representation is also quasi-minuscule. Since the weight system is invariant under a change of signs, the representation is quaternionic and we can consider half of the representation. Both weights coming from the degeneration of the main fiber are in the same half quaternionic set of weights.
Remark 4.5. An important consequence of Theorem 4.4 is that the elliptic fibration does not have flop transitions to another smooth elliptic fibration since all the curves move in families.
The reduced discriminant has two components, namely S = V (s) and ∆ ′ = V (a 3 4,3+α s 1+3α + 27a 2 6,4 ) intersecting non-transversally at V (s, a 6,4 ). Their intersection is exactly the locus over which the fiber IV * ns degenerates. The generic fiber over ∆ ′ is of Kodaira fiber I 1 . Hence, what we are witnessing is a collision of type IV * ns + I 1 , leading to an incomplete III * or an incomplete II * IV * ns
This is clearly not a collision of Miranda models since the fibers have different j-invariants and do not intersect transversally. The j-invariants of fibers of type IV * and I 1 are, respectively, zero and infinity.
By using an elliptic surface whose bases pass through the collision point, the singular fiber at the collision point is of Kodaira type III * for α = 0 and Kodaira type II * for α > 0. Interestingly, we can think of the singular fiber 1 − 2 − 3 − 4 − 2 as a contraction of a fiber of type III * or a fiber of type II * , as expected from the analysis of Cattaneo [19] .
Topological invariants
In this section we compute several topological invariants of the crepant resolution. Using the pushforward theorem of [32] , we can compute the Euler characteristic of an F 4 -model. We need to know the classes of the centers of the sequence of blowups that define the crepant resolution. The center of the nth blowup is a smooth complete intersection of d n divisors of classes Z 
where L = c 1 (L ) and S is the class of V (s). In particular, denoting c i (T B) simply as c i : 
With an explicit resolution of singularities, it is straightforward to compute intersection numbers of divisors. In particular, we evaluate the triple intersection numbers of the fibral divisors D a , where
where M is an arbitrary element of A d−2 (B). In particular, if the base B is a surface, M is just a point. 
Proof. Use equation (4.8) and successively apply the pushforward formula of [32] .
In the case of a Calabi-Yau threefold, we have L = −K B . It follows that we can express the coefficient in terms of the genus of S and its self-intersection using the relation 2−2g = −K B ·S −S 2 :
In the case of a threefold, the second Chern class defines a linear form on H 2 (Y, Z). In particular, for the fibral divisors we havê
Imposing the Calabi-Yau condition, we can rewrite this aŝ
2 )(φ 3 + φ 4 ).
Stein factorization and the geometry of non-simply laced G-models
To understand the geometry of a fibral divisor D, it is important to see the divisor D as a relative scheme with respect to the appropriate base. The choice of the base is crucial to having the correct physical interpretation. In particular, to discuss the matter content of the theory, the base has to be a component of the discriminant locus. However, to study the possible contractions of D, the base can be an arbitrary subvariety of the elliptic fibration.
Let S be the irreducible component of the discriminant locus supporting the gauge group. In the case of G-models with G a non-simply laced groups, Stein factorization illuminates the discussion of the geometry of the fibral divisors D, whose generic fibers over S are not geometrically irreducible. The elliptic fibration ϕ : Y → B pulls back to a fibration D → S. If the generic fiber of this fibration is not geometrically irreducible, the generic fiber is not geometrically connected.
We recall the following two classical theorems on morphisms that are consequences of the theorem of formal functions. 1. π : S ′ → S is a finite morphism and f ′ : X → S ′ is a proper morphism with geometrically connected fibers.
3. S ′ is the normalization of S in X.
The Stein factorization on f : D → S is the decomposition f = π ′ • f ′ , where π ′ : S → S is a finite map of degree d and f ′ : D → S is a morphism with connected fibers. We expect f ′ : D → S to be a P 1 -bundle and π ′ : S → S a smooth d-cover of S.
In the case of F 4 -models, D is a P 1 -bundle for the fibral divisor D 0 , D 1 , and D 2 (corresponding to the affine root, and the small roots of F t 4 . The remaining two fibral divisors (namely D 3 and D 4 ) are not P 1 -bundles over S but rather double covers of P 1 bundles over S with a ramification locus a 6,4 = 0. The crepant resolution naturally defines a double cover π : In particular, the morphism f ′ : D → S endows D the structure of a P 1 -bundle over the double cover S of S. This structure illustrates that D can contract to S.
It is important to not confuse the role of the morphisms f ′ : D → S and f : D → S in F-theory. One might naively assume that the existence of a P 1 -bundle f ′ : D → S means that the divisor D does not produce new curves leading to localized matter representations. However, it is important to keep in mind that it is the morphism f : D → S over the curve S that is relevant for studying the singular fibers of the elliptic fibration as S. 
Application to M-theory and F-theory in 5 and dimensions
In this section, we study the aspects of five-dimensional gauge theories with gauge group F 4 using the geometry of the F 4 -model. We consider an M-theory compactified on an F 4 -model ϕ : Y → B. We assume then that the variety Y is a Calabi-Yau threefold and the base B is a rational surface. Then, the resulting theory is a five-dimensional N = 1 supersymmetric theory with eight supersymmetric generators, whose matter content contains n H hypermultiplets and n V vector multiplets. We have n 0 H neutral hypermultiplets, n 52 hypermultiplets transforming in the adjoint representation, and n 26 hypermultiplets transforming in the fundamental representation 26. We have n V vector multiplets whose kinetic terms and Chern-Simons terms are controlled by a cubic prepotential. For the F 4 gauge theory with both adjoint and fundamental matters, there is a unique Coulomb phase.
Since F 4 does not have a non-trivial third order Casimir, the classical part of the prepotential vanishes, and the quantum corrections fully determine the prepotential. The number of vector multiplets is the dimension of F 4 . Then, we can determine the quantum contribution to the prepotential and hence determine n 52 and n 26 . Since we know the Hodge numbers of F 4 -models on a Calabi-Yau threefold, we can compute n 0 H = h 2,1 (Y ) − 1 as well. We also check that the data we collected geometrically for the five-dimensional gauge theory will satisfy the anomaly cancellation conditions in the uplifted six-dimensional theory with the same gauge group F 4 , the same matter contents, and an addition of n T = h 1,1 (B) − 1 tensor multiplets.
Intriligator-Morrison-Seiberg potential
In this paper, the Intrilligator-Morrison-Seiberg (IMS) prepotential is the quantum contribution to the prepotential of a five-dimensional gauge theory with the matter fields in the representations R i of the gauge group. Let φ be in the Cartan subalgebra of a Lie algebra g. The weights are in the dual space of the Cartan subalgebra. We denote the evaluation of a weight on φ as a scalar product µ, φ . We recall that the roots are the weights of the adjoint representation of g. Denoting the fundamental roots by α and the weights of R i by ̟ we have
For all simple groups with the exception of SU(N ) with N ≥ 3, this is the full cubic prepotential as there are non-trivial third Casimir invariants.
One complication to the formula is dealing with the absolute values. For a given choice of a group G and representations R i , we have to determine a Weyl chamber to remove the absolute values in the sum over the roots. We then consider the arrangement of hyperplanes ̟, φ = 0, where ϕ runs through all the weights of all the representations R i . If none of these hyperplanes intersect the interior of the Weyl chamber, we can safely remove the absolute values in the sum over the weights. Otherwise, we have hyperplanes partitioning the fundamental Weyl chamber into subchambers. Each of these subchambers is defined by the signs of the linear forms ̟, φ . Two such subchambers are adjacent when they differ by the sign of a unique linear form.
Within each of these subchambers, the prepotential is a cubic polynomial; in particular, it has smooth second derivatives. But as we go from one subchamber to an adjacent one, we have to go through one of the walls defined by the weights and the second derivative will not be well-defined. Physically, we think of the Weyl chamber as the ambient space and each of the subchambers is called a Coulomb phase of the gauge theory. The transition from one chamber to an adjacent chamber is a phase transition that geometrically corresponds to a flop between different crepant resolutions of the same singular Weierstrass model.
The number of chambers of such a hyperplane arrangement is physically the number of phases of the Coulomb branch of the gauge theory. In the case of F 4 with the matter fields in the representation 52 ⊕ 26, there is a unique chamber as the hyperplanes ̟, φ = 0 have no intersections with the interior of the fundamental Weyl chamber. The explicit computation of 6F IM S is presented in the theorem below.
Theorem 6.1. The prepotential for a gauge theory with the gauge group F 4 coupled to n 52 hypermultiplets in the adjoint representation and n 26 hypermultiplets in the fundamental representation is Proof. These numbers are obtained by comparing the coefficients of φ 3 1 and φ 3 4 in F IM S and F . A direct check shows that all the other coefficients match.
Six-dimensional uplift and anomaly cancellation conditions
In this section, we review the basics of anomaly cancellation in six-dimensional supergravity with the idea of applying it to the matter content we have identified in the previous section.
Consider an N = 1 six-dimensional theory coupled to n T tensor multiplets, n V vectors, and n H hypermultiplets. The pure gravitational anomaly (proportional to tr R 4 ) is canceled by the vanishing of its coefficient:
If the gauge group is a simple group G,
where dimR 0 is the number of zero weights in R and dimR − dimR 0 is the charged dimension of R. Assuming the gravitational anomaly is canceled, the anomaly polynomial is a function of the matter content of the theory. It depends on the representations and their multiplicities
where X (n) contains the information on the representations and their multiplicities and is given by
To simplify the expression of I 8 , we choose a reference representation F, and introduce the coefficients A R , B R , and C R defined by the trace identities
In a theory with only one quartic Casimir, we simply have B R = 0. It is very useful to reformulate X (n) in terms of a unique representation F :
(6.8)
To have a chance to cancel the anomaly in a theory with at least two quartic Casimirs, the coefficient of tr F F 4 must vanish. This condition is irrelevant in a theory with only one quartic Casimir since tr F F 4 is proportional to (tr F F 2 ) 2 . If the following three conditions are satisfied, we can deduce that the anomalies are canceled by the Green-Schwartz mechanism:
• n H − n V + 29n T − 273 = 0.
• B adj − R n R B R = 0 (in a theory with at least two quartic Casimirs).
• I 8 factorizes.
Cancellations of six-dimensional anomalies for an F 4 -model
In this section, we prove that the data we computed on the F 4 -model as seen in a M-theory compactification on a Calabi-Yau threefold Y will satisfy the anomaly cancellation conditions of a six-dimensional theory with the same gauge group and same number of vector and hypermultiplets. Moreover, in a (1, 0) six-dimensional gauge theory, we can also have tensor multiplets. We assume here that the tensor multiplets are massless and have numbers n T = h 1,1 (B), which is n T = 9 − K 2 since we assume that the base is a rational surface.
We recall the data we will need, which were computed in previous sections:
We recall that n V is given by the dimension of the Lie algebra of F 4 . The numbers n 52 and n 26 were computed using the Intrilligator-Morrison-Seiberg prepotential. The Hodge numbers of Y were computed in [32] .
We compute first the pure gravitational anomaly. We need to satify equation (6.4a) . Using the data of (6.4b), we compute n H = 29K 2 + 64 and check that the gravitational anomaly cancels:
We will now show that the anomaly polynomial I 8 is a perfect square. From these trace identities, we can immediately read off the coefficients A R , B R , and C R :
Hence, the forms X (2) and X (4) are
After plugging in the values of n 52 and n 26 , we have
We can now prove that the anomaly polynomial is a perfect square:
This shows that the anomalies can be canceled by the traditional Green-Schwarz mechanism.
Frozen representations
Motivated by the counting of charged hypermultiplets in M-theory compactifications, we introduce the notion of frozen representations. When a vertical curve of an elliptic fibration carries the weight of a representation R, the representation R is said to be the geometric representation induced by the vertical curve. The existence of a vertical curve carrying a weight of the representation R is a necessary but not sufficient condition for hypermultiplets to be charged under the representation R.
It is possible that a geometric representation is not physical in the sense that no hypermultiplet is charged under R, so that n R = 0.
Definition 6.3 (Frozen representation).
A geometric representation R is said to be frozen if it is induced by the weights of vertical curves of the elliptic fibration but no hypermultiplet is charged under R.
Witten has proven that a curve of genus g supporting a Lie group produces g hypermultiplets in the adjoint representation. It follows that the adjoint representation is frozen when the genus is zero. This is because the adjoint hypermultiplets are counted by holomorphic forms on the curve S. When the genus is zero, there are no such forms. Hence, even though we clearly witness vertical rational curves carrying the weights of the adjoint representation, no adjoint hypermultiplet are to be seen.
For non-simply laced groups, frozen representations can occur when the curve defined by the Stein factorization has the same genus as the base curve S. The representation is frozen if and only if g = 0 and deg R = 2(d − 1). The number of points over which the fiber IV * ns degenerates to the non-Kodaira fiber IV * 2 is the degree of the ramification divisor R. This is an interesting geometric invariant to keep in mind.
Lemma 6.4. If B is a surface and L = O B (−K B ) so that the F 4 -model is a Calabi-Yau threefold, then the number of points over which the generic fiber IV * ns over S degenerates further to the non-
2 .
Proof. The number of intersection points is the intersection product of V (a 6,4 ) and the curve S.
Note that this is a transverse intersection and the class of V (a 6,4 ) is 6L − 4S. Then using L = −K B and 2g
The degree of the ramification locus R is the number of points in the reduced intersection of the two components of the discriminant locus, namely S and ∆ ′ . The degree of R has to be positive as otherwise D 3 and D 4 are not irreducible and we have an E 6 -model rather than an F 4 -model. This gives a constraint on the self-intersection of S: S 2 > 6(g − 1). For example, if B = P 2 , the bound is respected when S is a smooth curve of degree 1, 2, 3, or 4. Proposition 6.5. for an F 4 -model, the number of charged hypermultiplets are
In particular, the adjoint representation is frozen if and only if g = 0. The representation 26 is frozen if and only if S 2 = −5 and g = 0, which also forces the adjoint representation to be frozen.
Proof. The number of representation n 26 is computed in Theorem 6.2. The representation 26 is frozen if and only if deg R = 2(1 − g). Since the degree of R has to be positive, we also see that g = 0, hence by using Lemma 6.4, we conclude that S 2 = −5 and deg R = 2.
We consider two important examples. Table 3 of [12] using n = S 2 as the instanton number. . This is the non-Higgsable model of [62] . The defining equation of such a Weierstrass model is
where g 2 and f 3 are respectively sections of O P 1 (2) and O P 1 (3). The IV * ns fiber degenerates further at the two points g 2 = 0. Over these points we have the non-Kodaira fiber of type 1 − 2 − 3 − 4 − 2, each carrying the weights of the representation 26.
6.5 Geometry of fibral divisors in the case of frozen representations The case of an F 4 -model with both representations frozen has been recently studied in [24] . Such a model does not have any charged hypermultiplets as explained first in [62] . It follows from the geometry of the crepant resolution, the generic fiber over the base curve S does degenerate at two points V (g 2 ). Our description is consistent with the analyses of [44, 45, 62] and the Hirzebruch surfaces identified in [24] .
We discuss in detail the geometry of the fibral divisors of an F 4 -model in the case where all representations are frozen. This means that S is a curve of genus zero and self-intersection −5. For example, the base could be F 5 or the total space of O P 1 (−5). The key is Theorem 4.1,which we specialize to this situation in the following lemma. are Hirzebruch surfaces. We compute their degrees by intersection theory as follows. We recall that for a Hirzebruch surface F n = F −n . We follow the following strategy. Given two line bundles L 1 and L 2 and a Hirzebruch surface P S [L 1 ⊕ L 2 ] → S over a smooth rational curve S, then the degree of the Hirzebruch surface is degL 1 
To compute the degree of this Hirzebruch surface, we compute´S c 1 (
To compute the degree of this Hirzebruch surface, we compute´S[2c 1 
, which is a Hirzebruch surface of degree S · (−3K B − 2S) = −9 + 10 = 1. Hence, D 2 → S is also an F 1 . As is clear from the crepant resolution, the fibral divisors D 3 → S and D 4 → S are not Hirzebruch surfaces over S. Their fibers consist of two generically disconnected rational curves ramified over R = V (s, g 2 ). They can be respectively described as double covers of a P S [L ⊗4 ⊕ S ⊗3 ] and a P S [L ⊗2 ⊕ S ⊗2 ]; These are isomorphic to, respectively, F 3 and F 4 . In each case, the branch locus of the double cover consists of two fibers of the Hirzebruch surface, and these are the fibers over V (g 2 ).
The absence of charged multiplets is justified by the phenomena of frozen representations rather than the absence of degenerations supporting the weights of the representation 26. The Stein factorization of
where S ′ π − → S is a double cover branched at two points and f : D 3 → S ′ is a proper morphism with connected fibers. In particular, f : D 3 → S ′ is a P 1 -bundle. Since S ′ has genus zero, this is a Hirzebruch surface. The degree of this Hirzebruch surface is´D
We show in the same way that f : D 3 → S ′ is an F 8 -surface. In other words, while D 3 → S and D 4 → S are not P 1 -bundles over S, D 3 → S ′ and D 3 → S ′ are P 1 -bundles over S ′ . As discussed in the appendix, with respect to S ′ , D 3 and D 4 have the structure of an F 6 and an F 8 since the base curve S ′ has self-intersection
Conclusion
In this paper, we studied the geometry of F 4 -models. Our starting point is a singular Weierstrass model characterized by the valuations with respect to a smooth divisor S = V (s) given by Step 8 of Tate's algorithm:
The last condition ensures that the polynomial Q(T ) = T 2 + a 3,2 T − a 6,4 has two distinct solutions modulo s. We focus on the case where Q(T ) has no rational solutions modulo s. The generic fiber over S is called a fiber of type IV * ns . Without loss of generality, the Weierstrass model can be written in the following canonical form:
A crepant resolution of this Weierstrass model is called an F 4 -model. Such elliptic fibrations are used to engineer F 4 gauge theories in F-theory and M-theory. While it is common to take α = 0 in the F-theory literature, here, we keep α unfixed to keep the geometry as general as possible. This allows us to cover local enhancements of the type F 4 → E 7 and F 4 → E 8 over s = a 6,4 = 0, depending on the valuation of a 4 . While the generic fiber is a twisted affine Dynkin diagramF t 4 , the geometric fiber is the affineẼ 6 diagram. Thus we have the natural enhancement F 4 → E 6 , which is non-local and appears over any closed point of S away from a 6,4 = 0.
The crepant resolution that we have considered consists of a sequence of four blowups centered at regular monomial ideals. We answered several questions regarding the geometry and topology of the resulting smooth elliptic fibration. In particular, we identified the geometry of the fibral divisors of the F 4 -model as P 1 -bundles for the three divisors D 0 , D 1 , and D 2 , while the remainders, namely D 3 and D 4 , are double-coverings of P 1 -bundles with discriminant locus a 6,4 = 0. This is illustrated in Figure 4 .1. The singular fibers of these conic bundles consist of double lines and play an important role in determining the geometry of the singular fiber over s = a 6,4 = 0, which is a non-Kodaira fiber of type 1 − 2 − 3 − 4 − 2. This fiber can be thought of as an incomplete E 7 or E 8 if v(a 4 ) = 3 or v(a 4 ) ≥ 4, respectively.
To identify the representation associated with this singular fiber over s = a 6,4 = 0, we computed the intersection numbers of the new rational curves with the fibral divisors. These intersection numbers are interpreted as weights of F 4 . We identified the corresponding representation as the 26 of F 4 . We also compute the triple intersection number of the fibral divisors. We finally specialize to the case of Calabi-Yau threefolds. The Euler characteristic of an F 4 -model and the Hodge numbers in the Calabi-Yau threefold case have been presented in [32] . We also computed the linear form induced by the second Chern class.
In the final section, we studied details of M-theory compactified on a Calabi-Yau threefold that is an F 4 -model, for which the resulting theory is a five-dimensional gauge theory with eight supercharges. Such a theory has vector multiplets characterized by a cubic prepotential. The classical part of the cubic prepotential vanishes but there is a quantum correction coming from an exact one-loop contribution. This one-loop term depends explicitly on the number of charged hypermultiplets. It is known that this correction term matches exactly with the triple intersection numbers of the fibral divisors of the elliptic Calabi-Yau threefold. We computed the number of hypermultiplets in the adjoint representation and in the fundamental representation via a direct comparison:
n 52 = g, n 26 = 5(1 − g) + S 2 .
We checked that they satisfy the genus formula of Aspinwall-Katz-Morrison-here they are derived from the triple intersection numbers. The same number were computed by Grassi and Morrison using Witten's genus formula. With the knowledge of the Hodge numbers, matter representation, and their multiplicities, we checked explicitly that these data are compatible with a six-dimensional (1, 0) supergravity theory free of gravitational, gauge, and mixed anomalies.
We also computed the weights of vertical curves of an F 4 models and proved that over the locus V (s, a 6,4 ) the generic fiber over the divisor S has weights of the quasi-minuscule representation 26. We introduced the notion of a frozen representation, which explains that the existence of geometric weights carried by vertical curves does not imply the existence of hypermultiplets charged under the corresponding representation. If the base is a surface, the divisor S is a curve. The representation 26 is frozen if and only if S has genus zero and self-intersection −5. A Weierstrass models and Deligne's formulaire
In this section, we follow the notation of [23] . Let L be a line bundle over a normal quasi-projective variety B. We define the projective bundle (of lines) F 4 is studied in Planche VIII of [11] . The exceptional group F 4 has rank 4, Coxeter number 12, dimension 52, and a trivial center. Its root system consists of 48 roots, half of which are short roots. The Weyl group W (F 4 ) of F 4 is the semi-direct product of the symmetric group S 3 with the semi-direct product of the symmetric group S 4 and (Z/2Z) 3 . Hence, W (F 4 ) has dimension 3!4!2 3 = 2 7 × 3 2 = 1152. W (F 4 ) is also a solvable group isomorphic to the symmetry group of the 24-cell. The long roots of F 4 form a sublattice of index 4. The outer automorphism group of F 4 is trivial. Hence, F 4 has neither complex nor quaternionic representations, and all its representations are real. Its smallest representation has dimension 26 and is usually called the fundamental representation of F 4 . F 4 is not simply laced and can be described from E 6 by a Z/2Z folding. F 4 contains both B 3 and C 3 , as is clear by removing the first or last node. It is less trivial to see that F 4 also contains B 4 . One way to see it is to remember that F 4 = su(3, O) while so 9 = su(2, O). The coset manifold F 4 /Spin(9) is the octonionic projective plane OP 2 . It follows that we have the isomorphism [16, 39] π i (F 4 ) = π i (Spin (9)), i ≤ 6.
The compact real form of F 4 can be described as the automorphism group of the Jordan Lie algebra J 3 of dimension 27 [16] . Maybe a more geometrically familiar picture is to describe the compact real form of F 4 as the Killing superalgebra of the 8-sphere S 8 [39] . In this form, the Lie algebra F 4 decomposes (as a vector space) as the direct sum of the Lie algebra B 4 ∼ = so 9 and its spin representation.
C A double cover of a ruled surface branch along 2b fibers A ruled surface is by definition a P 1 -bundle over a smooth curve of genus g. Let p : Y → S be the projection of a ruled surface Y to its base curve S. There exists a non-negative number n such that S 2 = −n. We will now construct the double cover X of Y branched along 2b fibers.
We denote the projection map as π : X → Y . We assume that the ramification locus of π consists of 2b distinct fibers of Y . Then X is smooth and defines a flat double cover of Y . Let f be the class of a generic fiber of Y and define ℓ such that 2ℓ = π * f . We have The curve S = π * S is a double cover of S branched at 2b distinct points. Hence, S is a smooth curve of genus 2g + b − 1. The self-intersection of S in X is −2n by a pushforward argument:
where we used the fact that π is a finite map of degree 2. The P 1 -bundle over S pulls back to a P 1 -bundle over S. Hence, X is a ruled surface over a curve S of genus (2g+b−1) and self-intersection 
